Abstract. The Hayman Ta function for the asymptotic distribution of the coefficients of univalent functions has a continuous derivative which is closely related to the asymptotic behavior of coefficient differences.
1. Introduction. Suppose that 5 denotes the class of functions f(z) -z + 2m=2amzm which are univalent in the disk {\z\< 1}. We define A" = sup{\an\:fES}.
FitzGerald's method (see Horowitz [9] ) shows that An < (1.05...)«, and Hayman [7] showed that An/n -* K0, where K0 is some absolute constant. (However it is not even known if An is increasing.) A closely related result is Nehari's [11] proof that (1) | aj< 4«#0<nst(0,C-/(| 21<1)), which was extended by Bombieri [1] . Recently FitzGerald [3] showed that if f"(z) = '2^=xanmzm in S has \ann\~An then |a"2|^2. Hamilton [5] gave a simpler proof of a more general result and noted that this implies Littlewood's conjecture is equivalent to Hayman's, i.e., | a" |< 4ndist(0,C -f(\z\< 1)) for all / G S => K0 = 1. (See [4, 5, 6] for related results.)
This paper is concerned with extending asymptotic results of this type. Hayman [7] proves that if/, = 2*= ,a" mzm is a sequence in S such that (2) lim n f-H) = \>o, then an m/n converges on a subsequence of n -» oo and as m/n -» a > 0 to a continuous function Ta. We prove that Ta has continuous derivative and as n -> oo, m/n -» a > 0, (3) an,m+\ -an,m-' T'aThis result has a number of interesting consequences. Theorem 1. Suppose thatfn E S and an " = An; then as n -* 00, (4) \an,m+\\-\an,m\^K0'
provided that m/n ~ 1.
Received by the editors November 18, 1981 and, in revised form, March 9, 1982. A MS ( MOS ) subject classifications ( 1970) . Primary 30C55. ' The author was partially supported by NSF grant number 81.0 380.
©1983 American Mathematical Society
0002-9947/82/0000-0272/$04.00 Remark 1. We deduce from (3) and the Marty relation yet another proof of a" j -» 2. Also we prove Theorem 2. As n -» oo, (5) A"+l-An^K0.
Remark 2. In particular An is an increasing sequence for large n. Remark 3. Relation (4) also shows that there is no essential difference between the odd and even coefficients, as was found by Bombieri [2] near the Koebe function.
We begin with a discussion of Hayman's asymptotic theory, concluding that section with a statement of some technical results. The following sections are devoted to proving these statements. Finally we obtain Theorems 1 and 2.
2. 77-theory. We consider subsequences 00 (6) f"iz) = z + 2 <W" m = 2 which satisfy (2). Then some subsequence of n~2fn(l -z/n) converges locally uniformly on the half plane (Re(z) > 0} to a function <¡>(z) such that:
lim x2\<¡>ix)\= «=£ 1.
JC->0O
The class 77 consists of those functions <#> which satisfy properties (7)- (9) . Furthermore for each <i> G 77 there is a sequence/, in S, satisfying (2), such that
Hayman also shows that (10)). Thus Theorem 3 is established in an indirect manner. Example 1. Suppose we choose
Then it is not hard to show that n-2fn(l-z/2)^l/(z + t)2.
Thus Ta = sin(at)/t, T'a = cos(ai), while
as n -» oo and m/n -» a.
Corollary 1. T^) /zas continuous derivative on (0, oo).
Example 2. In [5] it was shown how 77-theory easily implies Hayman's results on functions/ G S such that ' •"'(I -r)2|/(r)|-»a>0.
For then putting/, = /we find that n-2/,(l-z/n)-«e'Vz2 = ^>(z) along some subsequence, where different 0 may arise from different subsequences. Thus Ta(<f>) -ae'ea and T'a(<$>) = ote'6. Consequently by Theorem 3, | a"+, | -\an\ -* a, which was the second result in [8] .
3. Preliminary results. As we are assuming (2) we need to know the location of points of maximum modulus oîf(re'e) on (| z | = r). Let M(r, f) = maxfl \f(re'e) | . Lemma 1. Suppose that f"ES satisfies (2). 7/zen for any positive x the maximum modulus of fn on {| z |= 1 -*/n} occurs at a point of argument tj(x) which satisfies for large n (14) n(jc) <Ai\, x)/n, where A(\, x) is a finite constant depending on X and x only.2
Suppose that n~2\fn(l -x/n) \ -» 0 on some subsequence. Then the corresponding limit function <f>(z) E H satisfies (¡>(x) = 0, which is impossible. Thus as n -> oo, (15) n-2|/"(l-x/n)|s*,l(x,A)>0.
We frequently use the following inequality of Hayman [7, p. 11 ].
2The symbols A, A( ■, ■ ), etc. will be used to denote constants which depend on parameters shown.
Lemma A. Suppose that fE S satisfies M(r, f) =\f(r)\>\/(l -r)2,X > 0. Then \fire")\< A{X:e) (l-rf-c\6\* for any 0 < e < 2.
We apply Lemma A to e~'nfn(e,r)z), r = 1 -x/n and e = 1, noting
to obtain \fn(l-x/n)\^An2/\r,\, which contradicts (15) unless (14) holds.
In general we want to consider the expression an m -e"/nanm_x. We shall assume f(z) ¡j M-^ p dp de < m,-2 , // |/'(z) |2p dp rf« We can now prove Theorem 1. Let/, be a function in S such that | an " | -An. It is not clear that the maximum of |/"((1 -l/n)e'e)\ occurs near (1 -1/n) so we consider ff(z) = e-"f"(e"z), where |/"((1 -l/n)eia(n)) |= Af(l -1/n, /,). The standard method (see Hayman [7, p. 3] ) shows that lim n"2Aí(l --,/") =X>0,
h-»oo V n I and thus we may apply our analysis to/,*. Thus for any subsequence of n such that n~2f*(l -z/n) -* <#)(z), for some <f>(z) G 77, by Corollary 2, |a"",+ 1 | ~\anm\d \ Ta(<j>) \/da as n -> oo along the same subsequence. Also | an"/n |= A"/n -» A^0.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Thus we have shown that any convergent subsequence of | a" m+x | -| a" m | converges to 7T0 as n -» oo, m/n -» 1. This proves the theorem.
Remark 5. Lucas [10] shows that IK+2I -2|a"+il +\a"\\<Anx-^, but this is not strong enough to prove Theorem 1.
10. Proof of Theorem 2. Suppose that /" is a subsequence in S with | a" " |= An.
Then by Theorem 1 we have (37) \an,n+l\-An^KQ and (38) A"+x -\a"+h"\^K0
as n -» 00.
Since I a""+1 |<^n+, and | a"+1," |< /!" we deduce hminf(^n+1 -i4")> #0
«-♦00 from the first limit relation and Umsup(^n+1 -An)^K0
n-00 from the second limit relation. This proves Theorem 2.
